Expansion of natural gas networks is a critical process involving substantial capital expenditures with complex decision-support requirements. Given the non-convex nature of gas transmission constraints, global optimality and infeasibility guarantees can only be offered by global optimisation approaches. Unfortunately, state-of-the-art global optimisation solvers are unable to scale up to real-world size instances. In this study, we present a convex mixed-integer second-order cone relaxation for the gas expansion planning problem under steady-state conditions. The underlying model offers tight lower bounds with high computational efficiency.
Introduction
In recent years, the construction of natural gas pipelines has witnessed a tremendous growth on a world-wide level. In the U.S., for instance, a $3 billion expansion project of the gas pipeline system in New England is planned for late 2016. In Europe, the European Investment Bank is supporting a e98 million project for the expansion of gas pipelines in MINLP formulation for the optimal design of a gas transmission network where the number of compressor stations, the length and diameter of the pipeline sections, and the inlet and outlet pressures at each stations are optimized. They solve a simplified version of the problem in GAMS (GAMS Development Corporation 2008) for a small instance (Edgar et al. 2001a ). Hansen et al. (1991) and Soliman and Murtagh (1982) propose a continuous relaxation for the network design problem. While Hansen et al. (1991) apply a successive linear programming method where a linear subproblem is solved to adjust the discrete choice of diameters, Soliman and Murtagh (1982) apply the commercial NLP solver MINOS Murtagh and Saunders (1998) to handle the relaxed subproblem. O'Neill et al. (1979) and Wilson et al. (1988) focus on a problem where integer variables are used for the operational state of compressor stations and they also implement a method based on successive linear programming to solve the problem.
De Wolf and Smeers (1996) address the optimal dimensioning of a known pipe network topology with an objective that combines the cost of purchasing gas and the capital expenditures for expansion. The authors formulate the problem as a continuous NLP that selects Borraz-Sánchez et al.: Convex Relaxations for Gas Expansion Planning Article submitted to INFORMS Journal on Computing; manuscript no. (Please, provide the mansucript number!) 5 pipeline diameters and solves the problem by means of a local optimizer. Based on this problem, Wolf (2004) derives conditions under which this problem is convex. Through the use of variational inequality theory, they show convexity of the nonlinear gas flow system under the assumption that the gas net inlet (pressure) is fixed at all supply and demand nodes. Bakhouya and De Wolf (2008) also present a case study on the same problem with separable transportation and gas objectives that leads to a two-stage problem formulation. In addition to design variables for the optimal pipe diameters, the authors add investment variables representing the maximal power of compressor stations to balance the pipeline construction costs and capital expenditures for increasing power in the compressor units. The authors find an initial solution by solving a convex problem where all pressure constraints are relaxed. Then, the complete problem is locally solved by means of the GAMS/CONOPT solver. In these works, numerical experiments are primarily focused on the Belgian gas transmission network. Andre et al. (2009) present a MINLP model to solve the investment cost minimization problem for an existing gas system that includes pipelines and regulators and omits compressor stations. The goal is to identify a set of pipeline sections to reinforce and to select an optimal diameter size for these sections based on a discrete set of diameters. Under the assumption that the network is radial (the head loss equations are convex when flows are fixed), the authors propose a continuous relaxation of the pipe diameters (continuous intervals). A branch-and-bound approach for a unique maximal demand scenario is applied to a segment of the French high-pressure natural gas transmission system. A complete review and extensions of these findings are provided in (André 2010) . Babonneau et al. (2009 Babonneau et al. ( , 2012 focus on the design and operation of a natural gas transmission system while minimizing investment, purchase, and transportation costs. The authors propose an approach based on a minimum energy principle that transforms the non-linear non-convex optimization problem into a convex problem. The underlying convex, bi-objective formulation is an approximation of the investment cost function and the cost of energy to transport the gas. Their continuous formulation is applied to non-divisible constraints such as a limited number of available commercial pipe dimensions.
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Article submitted to INFORMS Journal on Computing; manuscript no. (Please, provide the mansucript number!) Bonnans et al. (2011) presents several problems that include the minimization of compressor ratios and the sum of operations and investment costs. The authors propose a global optimization technique that is based on the combination of interval analysis with constraint propagation. Zheng et al. (2010) discusses different optimization models in the natural gas industry, including the compressor station allocation problem, the least gas purchase problem and optimal dimensioning of gas pipelines. The authors review solution techniques to solve the underlying models which include a piecewise linear programming algorithm and a branch-and-bound algorithm. Elshiekh et al. (2013) presents a model to optimize the design and operation of the Egyptian gas system, where continuous design variables for the length and diameter of pipelines are considered along with a modified Panhandle equation (Coelho and Pinho 2007) . The complete model is directly solved by means of the computer-aided optimization software LINGO (LINDO Systems 1997). Uster and Dilaveroglu (2014) address the cost minimization problem of designing a new natural gas transmission system and expanding an existing gas system. The authors propose a mathematical formulation to tackle the design/expansion network problem for a given multi-period planning horizon. The underlying MINLP model is formulated in AMPL and solved approximately with Bonmin (Bonami and Lee 2013). Humpola and Fügenschuh (2014b) and Humpola et al. (2015a) present valid inequalities for a MINLP model of a design problem in gas transmission systems. Different relaxations are applied to the subproblems created after branching on the additive and design variables for the active and passive components. The resulting passive transmission subproblems, which are referred to as leaf problems, admit slack variables to independently relax the pressure domains and the flow conservation constraints. The proposed cutting planes aim at reducing the CPU time of a branch-and-cut-based outer approximation applied to the full model where construction costs are defined by a global constant. Atamturk (2002) and Poss (2011) also propose valid inequalities to reinforce the relaxation approach to the network design structure.
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Article submitted to INFORMS Journal on Computing; manuscript no. (Please, provide the mansucript number!) 7 examines different (convex) relaxations for subproblems created while applying a branch-and-bound technique to a nonlinear network design problem. Cutting planes on the nonlinear potential loss constraints are used to strengthen the relaxed subproblems. Pfetsch et al. (2012) focuses on the validation of nomination problem while considering regular pipes and valves, control valves, compressors and regulators. The authors describe a two-stage approach to solve the resulting MINLP problem and propose several modeling techniques and approaches to account for, e.g., pressure losses. They also developed several large test cases (GasLib 2014). These problems form the basis for many of the problems we consider in this paper.
Problem Formulation
This section derives the problem formulation (as a disjunctive program) in stepwise refinements. It starts by deriving a disjunctive formulation that is then refined by introducing flux variables.
The Disjunctive Formultion
Gas dynamics along a pipe is described by a set of partial differential equation (PDE) with both spatial and temporal dimensions (Osiadacz 1987 , Thorley and Tiley 1987 , Sardanashvili 2005 :
Gas velocity v, pressure p, and density ρ are defined for every point x along the pipe and evolve over time t. Z represents the gas compressibility factor, T the temperature, and R the gas constant. Equation (1) enforces mass conservation, Equation (2) describes momentum balance, and Equation (3) defines the ideal gas thermodynamic relation. In Equation (2), the first Taking into account these assumptions, Equations (1), (2), and (3) are rewritten in terms of pressure p and mass flux φ = ρv:
In this work, we assume that the system has reached a steady state after its first commissioning and hence all time derivatives are set to zero. Given this assumption, a Graph
Transmission Network (GTN) is represented by a graph G = (N , A) where N denotes the set of nodes representing connection points and A denotes the set of arcs. An arc is a triplet (a, i, j) consisting of a unique identifier a linking nodes i and j. For convenience, such a triplet (a, i, j) will be denoted by a ij in the following. Observe that parallel arcs can link the same pair of nodes, e.g., we have arcs a ij and a * ij in a GTN where a and a * are the unique identifiers of these arcs.
By setting the time derivatives to zero, the total gas mass flux along a pipe a ij becomes constant, i.e., φ i = φ j = φ a . Hence Equations (4) and (5) simplify to
where w a = ZRfaTa 2Da
.
Gas System Components The problem formulation considers pipes, compressors, short pipes, resistors, and valves. Compressors, short pipes, and valves are modelled as lossless pipelines, i.e., w a = 0. A compressor installed on arc a ij can increase/decrease the pressure ratio α a = p j /p i , within the bounds α Expansion Variables The set of arcs A = A e ∪ A n includes existing arcs A e = P e ∪ C e ∪ V e , as well as new arcs A n = P n ∪ C n . In this notation, P e denotes the set of installed pipelines, resistors, and short pipes. C e and V e denote the set of existing compressors and valves (control and regular) respectively. P n and C n denote the set of new pipelines and new compressors respectively. A binary variable z p a is assigned for each new pipe a ij in P n to model the expansion decision, i.e., z Disjunctive Formulation Since the pressure variables only appear in a square form, the formulation uses the variable substitution β i = p 2 i (i ∈ N ). Equations (6) can be written as
Figure 1 illustrates the curve of the function f (x, y) = y − wx|x| defined by the pressure drop equation (7).
Since bi-directional compressor constraints depend on the flux direction, they can only be modelled using on/off or disjunctive constraints (Hijazi et al. 2010 (Hijazi et al. , 2012 . i.e.,
Given a set of injection (resp. demand) nodes I (resp. D) ⊆ N with mass flux injection/demand q i , the problem consists in finding an assignment of the expansion variables z p a (a ij ∈ P n ), node pressures p i (i ∈ N ), and edge flows φ a (a ij ∈ A), satisfying the Weymouth equations (7), the compressor constraints (8), and the following node conservation constraints:
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Figure 1
The Gas Flow Equation f (x, y) = y − wx|x|.
where
. Note that, in the steady-state model, injections are balanced, i.e., i∈N q i = 0. The objective is to minimize the cost of expansion:
where c a represents the cost of installing a new pipeline. The disjunctive formulation of the problem incorporating these ideas is presented in Model 1, where
The Formulation Based on Flux Direction Variables
This section presents a second formulation using flux direction variables to account for the disjunctive nature of the constraints. For every arc a ij ∈ A, we introduce two binary variables y + a and y − a ∈ {0, 1} with the following semantics: y + a = 1 (resp. y − a = 1) if the flux moves from i to j (resp. from j to i) and 0 otherwise. The mass flux direction is captured by the following system of constraints:
The first constraint ensures that y variables:
, 1} ∀a ij ∈ P n -binary expansion variables for pipes z c a ∈ {0, 1} ∀a ij ∈ C n -binary expansion variables for compressors v a ∈ {0, 1} ∀a ij ∈ CV e ∪ V e -binary switch variables for valves objective:
subject to:
enforces a similar condition for the pressure difference. Using the variables and constraints, 
and the bi-directional compressor constraints are written as
The bi-directional valve constraints are written as
The complete Mixed-Integer NonLinear Programming (MINLP) formulation based on flux direction variables is summarized in Model 2. The continuous relaxation of Model 2 is non-convex due to Constraints (24c)-(24d).
A Convex Relaxation of the GPNEP
This section introduces a new mixed-integer second-order cone relaxation for Model 2.
The Variables
For every pipe a ij ∈ P, the relaxation introduces the auxiliary variable γ a representing the product in Equations (18c)-(18d), i.e.,
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Model 2 The MINLP Formulation of the GTNEP.
variables:
, 1} ∀a ij ∈ P n -binary expansion variables for pipes
a ∈ {0, 1} ∀a ij ∈ C n -binary expansion variables for compressors v a ∈ {0, 1} ∀a ij ∈ CV e ∪ V e -binary switch variables for valves objective:
This product is then linearlized by a standard relaxation introduced by McCormick (1976) for bilinear functions, i.e., 
This linearization is exact, since (y + a − y − a ) take only discrete values.
The Constraints
The non-convex constraints (18c) can now be relaxed into
The on/off constraints (18d) represent another challenge for convexifying Model 2. These constraints can be written as
with a disjunctive second-order cone relaxation defined as
Perspective formulations introduced by Hijazi et al. (2012) can be used to formulate the convex hull of such on/off constraints, giving the following rotated second-order cone constraint:
The complete Mixed-Integer Second-Order Cone Programming (MISOCP) relaxation is presented in Model 3.
The Integer Cuts
The MINLP and MISOCP formulations presented in Models 2 and 3 can be strenghtened by introducing the following valid integer cuts:
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Model 3 The MISOCP Relaxation for the GPNEP.
] ∀i ∈ N -squared pressure level variables φ a ∈ R ∀a ij ∈ A -mass flux on pipe (i,j) z p a ∈ {0, 1} ∀a ij ∈ P n -binary expansion variables for pipes y + a , y − a ∈ {0, 1}, ∀a ij ∈ A -binary flux direction variables γ a ∈ R + ∀a ij ∈ P -auxiliary variables for bilinear terms z c a ∈ {0, 1} ∀a ij ∈ C n -binary expansion variables for compressors v a ∈ {0, 1} ∀a ij ∈ CV e ∪ V e -binary switch variables for valves objective:
Constraints (25) are generated for each injection node i ∈ I: They state that at least one connected arc has an outgoing flow, taking the orientation of the arc into account to select the proper variables (y For a node i with degree two and no injection/demand (q i = 0), the following integer
It can be easily derived using the flux conservation constraints (24b) stating that, for a node with degree two and zero injection/demand, the flux direction of the incoming arc determines the flux direction of the outgoing arc.
Finally, we can derive integer cuts for parallel pipelines:
Equations (28) state that parallel pipelines share the same flow direction. The validity of this cut follows from the pressure drop equations (18c) and the fact that parallel pipelines share the same pair of pressure variables.
Converting the Convex Relaxation in a Feasible Solution to the GPNEP
The solution to the relaxed Model 3 is not always feasible for Model 2. To obtain a feasible solution, we fix all the binary variables and use a nonlinear optimization solver to find a (locally) optimal solution to the resulting problem. When the local solver does not converge to a feasible solution, we consider primal solutions obtained when solving Model 3 and repeat the process.
Computational Experiments
This section studies the performance of the proposed MINLP and MISOCP models and compares them with a model using a piecewise linear approximation. Section 5.1 describes the benchmarks and Section 5.2 the experimental setting and the various algorithms used.
Section 5.3 and 5.4 report the computational results on the Belgian network and larger networks respectively, while Section 5.5 reports on the importance of the integer cuts. Table 1 is the real Belgium gas transmission network and Table 3 In these papers, the authors use the Belgian gas network for a variation of the GTNEP problem which considers integrated functions of the gas merchant and transportation process. These benchmarks specify minimum and maximum production levels (see Table 4 ).
Since the GTNEP assumes known gas nomination and production profiles, we computed load and compression profiles based on optimal pressures provided in (Babonneau et al. 2012 ). Our instances also employ the same cost function as in (Babonneau et al. 2012 ) to compute the associated costs for building new pipelines, i.e.,
where D ij and L ij are the diameter and length of pipeline (i, j) respectively. (Babonneau et al. 2012 ) assumed continuous diameter choices. However, we used a discrete diameter values corresponding to the solution of (De Wolf and Smeers 2000) and Table 4 of (Babonneau et al. 2012) . For completeness, the diameter choices are described in Table 2 . Note that the exclusive-set constraint is slightly different for these cases due to the existence of pre-defined parallel pipes. Within in each row of Table 2 , the solution must contain one and only diameter choice, and each set of parallel pipes must choose diameters from the same column of Table 2 . Table 2 Pipe diameter choices from Table 4 of (Babonneau et al. 2012) 5.1.2. Larger Networks Table 7 describes the main data points for the larger benchmarks. Instance D is a real-life network case whose data is restricted for confidentiality reasons and we are not allowed to disclose its map or load profile. Instances E, F and G are part of a German network whose data, including the network configuration, maps, and load profiles, can be found in (Pfetsch et al. 2012) .
The Algorithms and the Experimental Setting
This section reports computational results for three approaches:
1. The MINLP formulation of the GTNEP as shown in Model 2;
2. The MISOCP relaxation of the GTNEP as shown in Model 3 followed by the conversion presented in Section 4.4; Table 4 The Load Profiles Computed from Optimal Pressures Provided in (Babonneau et al. 2012 ).
All compression ratios were derived as 1.0. Table 5 Locations of Nodes of the Expansion Plans for the Belgian Gas Network. These nodes do not have injections. Table 8 shows the sizes of the underlying models in terms of the number of binary and continuous variables and the number of linear and quadratic constraints for each instance. Table 9 presents the computational results and reports the CPU time in seconds and the upgrade cost in $ × 10 3 for each approach. The computational results show that the MISOCP approach outperforms both the MINLP and the PLA-MIP and that the solution to the MISOCP always converts to a feasible and optimal solution. The PLA-MIP approach has both computational and accuracy issues, as it significantly underestimates the optimal objective value and is rather slow.
Results on the Belgian Network
The results for problems B1-B4 are interesting as the expansion costs are considerably lower than reported by Babonneau et al. (2012) for the same operating conditions. In Table 6 Locations of Pipes of the Expansion Plans for the Belgian Gas Network. * denotes introduced dummy node for 0 length compressor arcs.
through a model that minimizes operating and expansion costs, which could make it harder to determine the best design for particular operating conditions. Still, this comparison highlights the strengths of the formulation proposed in this paper.
Scalability Results
We now study whether the results on the Belgian networks continue to hold on larger instances. To assess scalability and robustness, we stress the networks by gradually increas- ing the production and consumption levels from 5% up to 300% while considering solely the addition of a parallel pipe for each existing pipeline in the base configuration of the gas systems (i.e., |C n | = 0). is systematic on all larger benchmarks. The MISOP approach returns optimal solutions for all but one case. Both the MINLP and MISOCP prove infeasibility of the most stressed network. Table 12 presents the computational results on instance E which is based on gaslib-40 (GasLib 2014). The MISOP approach returns optimal solutions, or proves infeasibilities in all cases. The MISOP model is one order of magnitude faster than the MINLP model. Table 13 presents the computational results on instance F, which is based on gaslib-135 (GasLib 2014) and is particularly challenging. The MINLP approach finds optimal solutions up to the 25% case and spends considerable time doing so. It finds an upper bound to the 50% case but does not return any information on the 75% and 100% cases.
In contrast, the MISOCP approach finds optimal solutions to the 0%, 5%, 25%, and 50%
cases, all below 10 seconds, It finds lower bounds on the 75% and 100% cases reasonably fast. Both the MINLP and the MISOCP prove infeasibility of the three most stressed instances. Table 14 presents very interesting results for instance G, which is based on gaslib-582 (GasLib 2014). The MINLP approach cannot find feasible solutions on any of the cases but the 300% case which is shown infeasible. Both the MINLP and PLA-MIP approaches have numerical issues with these problems. The MISOP approach finds optimal solutions up to the 50% case and for the 150% case and proves infeasibilities for the 200% and 300%
cases. For the 75%-125% cases, the MISCOP times out but returns upper bounds to the optimal solution with duality gaps ranging from 7.65% to 51.3%.
Overall, these results demonstrate the benefits of the MISOCP approach. The MISOCP approach almost always finds optimal solutions much faster than the MINLP when both return optimal solutions. It also finds optimal solutions or proves infeasibility in many case for the larger benchmarks, while the MINLP approach does not return feasible solutions. Table 14 Computational Results on Instance G. Obj: $ × 10 6 , CPU time: in seconds, Solution status:
= Proven optimal; = Lower bound; = Upper bound; † = Infeasible; ‡ = Unknown. Table 15 describes the performance of the MISCOP on instances E, F, and G when the integer cuts are not used. As can be seen, the integer cuts, which were used both in the MINLP and MISOCP models, are critical to obtain an efficient MISOCP implementation.
The Importance of Integer Cuts
Concluding Remarks
This paper considered the expansion of natural gas networks, a critical process involving substantial capital expenditures with complex decision-support requirements. It proposed Table 15 Computational 
